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Abstract
The emergence of time in the matter-gravity system is addressed within the
context of the inflationary paradigm. A quantumminisuperspace-homogeneous
minimally coupled inflaton system is studied with suitable initial conditions
leading to inflation and the system is approximately solved in the limit for
large scale factor. Subsequently normal matter (either non homogeneous in-
flaton modes or lighter matter) is introduced as a perturbation and it is seen
that its presence requires the coarse averaging of a gravitational wave func-
tion (which oscillates at trans-Planckian frequencies) having suitable initial
conditions. Such a wave function, which is common for all types of normal
matter, is associated with a “time density” in the sense that its modulus is
related to the amount of time spent in a given interval (or the rate of flow of
time). One is then finally led to an effective evolution equation (Schro¨dinger
Schwinger-Tomonaga) for “normal” matter. An analogy with the emergence
of a temperature in statistical mechanics is also pointed out.
1 Introduction
A fundamental property of the interaction of matter and gravity is its spacetime
reparametrisation invariance. In particular invariance under time reparametrisation
leads to the constraint that the sum of the matter and gravitational Hamiltonians
is zero. This implies that time does not appear in the Hamiltonian formulation of
the matter-gravity action. However, this does not mean that time does not appear
at all in the classical equations of motion, since they involve time derivatives of
the dynamical parameters, but rather that there is no absolute time and no clock
external to the universe.
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Such a feature is maintained and becomes even more evident in the canonical
quantisation of gravity within the superspace approach [1]. In such an approach the
spacetime dynamical variables are the three geometries of spacelike surfaces with
their conjugate momenta, while matter is described by the corresponding fields and
their conjugate momenta. As a consequence the classical equations correspond to
geodesic equations in the manifold of all three geometries [1, 2] (superspace) modified
by the presence of a force term. Canonical quantisation then leads to a Schro¨dinger-
like equation (Wheeler-DeWitt, hereafter WDW) without any time derivatives and
a corresponding wave function satisfying it.
Clearly, if one considers as a starting point the complete quantum system, it must
be possible to re-obtain the usual classical Einstein and quantum matter (Schwinger-
Tomonaga) equations. This last step, however, does not appear to be immediate
and has raised considerable interest. In particular the introduction of time has
been examined within the Born-Oppenheimer approximation and the semiclassical
approximation to gravity both without [3] and with [4, 5] the backreaction of matter.
Further it has also been discussed in quite diverse contexts such as through an
examination of transition matrix elements of radiative processes occurring in the
cosmos [6] or through interaction with the environment [7, 8] or decoherence [9].
The scope of this paper is to examine the above problem by studying the matter-
gravity quantum system within the context of a mini-superspace model containing
a minimally coupled homogeneous scalar field (inflaton) which is known to lead to
inflation [10, 11, 12, 13, 14] together with normal matter (which could be the non-
homogeneous modes of the inflaton field or generic inflaton decay products appearing
as lighter matter fields).
In the next section we shall study the general minisuperspace-homogeneous in-
flaton system and obtain an approximate solution, for large scale factor (inflation),
suitable for some analytic considerations. Subsequently we shall illustrate the way
the presence of normal matter leads to the requirement of an evolution (or time)
which is obtained through a coarse graining and relating a gravitational part of the
wave function to a measure of temporal density. Lastly, in section four, our results
are summarized and discussed.
2 The gravity-matter system
As we have anticipated in the introduction we consider the gravity-matter interaction
and work with a simple model having an approximate high degree of symmetry. To
be definite we shall consider an inflationary cosmology driven by an homogeneous
inflaton scalar field, with the presence of extra matter degrees of freedom, which
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will be treated as a small perturbation. Our goal is to study the effective quantum
behavior of these latter degrees of freedom in the background of the homogeneous
inflaton-gravity system. After having given the classical description of the full sys-
tem we shall consider the quantized system described by the corresponding WDW
equation. The study of the consequences of taking an approximate quantum solution
will be of interest for our purposes.
2.1 The classical system
We start with a real massive scalar field (inflaton) and other unspecified matter fields
minimally coupled to gravity which is described by a Robertson-Walker minisuper-
space. The scalar field of mass m is the homogeneous inflaton field φ, typical of
chaotic inflation models, while matter fields are generally inhomogeneous, and of
typical mass µ ≤ m.
On taking ds2 = −dt2+a2(t)d−→r
2
, the line element in a flat 3-space, we write the
total action with ~ = c = 1:
S =
1
2
∫
dt
{
−M2aa˙2 + a3
(
φ˙2 −m2φ2
)
+ Lµ
}
(1)
where M is the Plank mass and Lµ is the matter lagrangian, which depends on
the scale factor a. Let us note that the volume factor has been absorbed by the
scaling a → aV 1/3. Since a acquires the dimension of a length, the −→r variable is
dimensionless just as any momenta
−→
k arising from a Fourier analysis, further the
scalar field φ has the dimension of a mass.
The classical Hamiltonian is:
H = −
1
2
π2a
M2a
+
1
2a3
(
π2φ +m
2φ2a6
)
+Hµ ≡ HG +HI +Hµ (2)
with πa = −M
2aa˙, πφ = a
3φ˙.
2.2 The quantum system
The starting point of all our considerations is the quantized matter-gravity system.
We shall consider in this section only the homogeneous inflaton degree of freedom
minimally coupled to gravity, leaving to section 3 the discussion of the quantum
effects on the other matter fields. At the quantum level there is no time in the
description of the system since the Hamiltonian, generating the dynamics, is a con-
straint which annihilates the physical states. The latter can be written as wave
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functions on considering, for example, the (a, φ) representation. The dynamics is
described by a second order partial differential equation which can be interpreted as
giving a flow in a of some distribution in φ given for an initial a0.
Physically we shall be interested in configurations with large a, typical of a situa-
tion which belongs to an advanced stage of the inflationary phase. At the same time
we shall have a constraint on the kind of inflaton field quantum distribution which
must be compatible with such an inflationary regime.
We therefore start from the quantum (WDW) Einstein equation in the (a, φ)
representation:
〈a| ⊗ 〈φ|
(
HˆG + HˆI
)
|Ψ〉 ≡
≡
(
1
2M2
∂2
∂a2
1
a
− 1
2a3
∂2
∂φ2
+ m
2a3
2
φ2
)
Ψ(a, φ) = 0 (3)
where, for convenience, we have taken a particular ordering for the first term (π
2
a
a
→
πˆ2a
1
aˆ
) and Ψ(a, φ) is the total scale factor-inflaton wave function. Let us note that
different orderings, for example manifestly Hermitian ones, will differ by terms of the
form (i/a2)πˆa or πˆa(i/a
2) which, as we shall later verify, are irrelevant (non-leading)
for a large.
It is clear that for a positive definite inflaton Hamiltonian the wave function Ψ
will tend to have a strongly oscillatory dependence on a. The oscillatory period will
be so small that natural scales for the matter dynamics in a will be much longer
and a coarse graining, which can be, for example, chosen as an averaging over a
period of oscillation in a, will be necessary to study the effective matter dynamics.
A statistical interpretation as given in studies of the probability distributions in the
hydrogen atom [15] gives further insight. We shall develop this idea in section 3 and
concentrate in the following on studying the oscillatory behavior of the “universe”
wave function.
It is convenient to write an expansion on a complete basis of the Hilbert space of
the states of the inflaton field associated with the Hamiltonian HˆI :
Ψ(a, φ) = a
∑
n
ψn(a)un(a, φ) ≡ a ψ(a)
∑
n
cn(a)un(a, φ) ≡ a ψ(a) u(a, φ); (4)
on using the eigenstates of the inflaton Hamiltonian HˆI one has:
HˆI |un〉 = m
(
n+
1
2
)
|un〉. (5)
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Substitution of (4) into (3) leads to (henceforth ∂a ≡
∂
∂a
):
u(a, φ) ∂2aψ(a) + 2 ∂au(a, φ) ∂aψ(a) + ψ(a) ∂
2
au(a, φ) +
+ 2M2ψ(a)
(
− 1
2a2
∂2
∂φ2
+ m
2a4
2
φ2
)
u(a, φ) = 0. (6)
Let us comment on the expansion in (4), and its statistical interpretation in
quantum mechanics. We note that |cn|
2 is the probability that a state of n quanta
is created (observed) and the cn arose through the extraction of a common factor
ψ(a) from the ψn(a). That is the superposition of the different n quantum number
configurations occurred after extracting the common factor from the sum of the
products of each n quantum state with its corresponding universe wave function
ψn(a). Further we expect the homogeneous inflatonic matter initial state to be such
as to lead to inflation. Thus we assume that the initial conditions are associated
with the creation (considered as the inverse of a decay process) of a large average
number n¯ of quanta in an initial interval of a. This can then be imagined as occurring
through a Poisson process so that the initial state associated with the interval of a
is related to a Poisson distribution.
Thus, instead of having a sequence of random creations of n quanta (with average
n¯) corresponding to a sequence of inflationary processes in successive infinitesimal
intervals of a , we consider a statistical average, that is a superposition of the different
possible quanta numbers which can occur in the interval of a leading to inflation.
Subsequently a will undergo a rapid change due to inflation.
This distribution is familiar in quantum mechanical oscillators. It is associated
with coherent states which, for large average occupation numbers, describe an almost
classical behavior. We shall discuss the above assumption in the next section and find
that for large a it is a reasonable one, independently of any possible interpretation
of its origin.
2.3 Approximating the quantum inflaton-gravity system
This section is devoted to the construction of an approximate solution of the WDW
which corresponds to an inflationary situation. As a next step, in the following
section, we shall make use of the results of this section in order to obtain some
analytical insights on the dynamics of other matter degrees of freedom and show
how a concept of time arises naturally, a phenomenon which in any case appears to
be independent of the approximation employed.
To extract an approximate solution two procedures are possible: either try to
solve directly the partial differential equation (6) or make an ansatz for u(a, φ) and
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show that it leads to an approximate solvable differential equation for ψ(a). We shall
choose the latter approach.
For convenience we rewrite the inflaton Hamiltonian HˆI(a) ≡ 〈a|HˆI |a〉 in terms
of inflaton creation and annihilation operators:
HˆI(a) ≡
πˆ2φ
2a3
+
m2a3
2
φˆ2 = m
(
b†b+
1
2
)
, (7)
where
b =
√
ma3
2
(
φˆ+
i
ma3
πˆφ
)
, b† =
√
ma3
2
(
φˆ−
i
ma3
πˆφ
)
(8)
and the ansatz for u(a, φ) will be:
u(a, φ) = 〈φ|α(a)〉 , (9)
where |α(a)〉 is a coherent state of the inflaton, defined by
b|α(a))〉 = α(a)|α(a)〉 , (10)
with α(a) =
√
mφ2
0
a3
2
. From eqs. (9) and (10) u(a, φ) must satisfy the differential
equation: (
1
ma3
∂
∂φ
+ φ− φ0
)
u(a, φ) = 0 , (11)
where φ0 is a free parameter. Equation (11) has the familiar normalized solution:
u(a, φ) =
(
ma3
π
) 1
4
exp
[
−
ma3
2
(φ− φ0)
2
]
, (12)
which is a simple gaussian peaked around φ0 with a width which decreases as the
scale factor a increases. The values of the parameter φ0 are constrained in order to
lead to an inflationary regime [13] (n¯ = α(a)2), since such a quantum coherent state
description can be related to the classical analysis of the inflaton system.
Let us now study the consequences of such a choice for u. If we substitute the
expression (12) into equation (6) and calculate the contributions of the different
derivatives we obtain:
∂au(a, φ) =
[
3
4a
−
3ma2
2
(φ− φ0)
2
]
u(a, φ) , (13)
∂2a u(a, φ) =
[
−
3
16a2
−
21ma
4
(φ− φ0)
2 +
9m2a4
4
(φ− φ0)
4
]
u(a, φ) , (14)
∂2
∂φ2
u(a, φ) =
[
−ma3 +m2a6(φ− φ0)
2
]
u(a, φ) . (15)
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A key point is that we are interested in solutions of (3), describing an advanced
stage of inflation (a ≫ 1), since in this phase we wish to study how normal matter
behaves. In this limit all the terms in the expressions (13-15) which are of the form
(φ − φ0)
nu(a, φ) with n > 0, are non-leading by powers of a with respect to u(a, φ)
since
max [|φ− φ0|
nu(a, φ)] ∼
( n
ma3
)n
2
exp
[
−
n
2
]
max [u(a, φ)] ; (16)
in other words one has:
∂au(a, φ) = O(a
−1) u(a, φ) , (17)
∂2a u(a, φ) = O(a
−2) u(a, φ) , (18)
∂2
∂φ2
u(a, φ) = O(a3) u(a, φ) . (19)
On just retaining the leading contributions in (6) one has:[
∂2aψ(a) +m
2M2φ2 a4ψ(a)
]
u(a, φ) = 0 (20)
where u(a, φ) has support in a tiny region around φ0, due to the large values of a.
We have also used the fact that any term of O(1/a)ψ(a) is negligible with respect to
∂aψ(a) for large a, as can be verified on using the solution found for ψ(a). Further
additional terms such as ∂a(1/a
2) or (1/a2) ∂a, due to different orderings in the
gravitational kinetic term, are non-leading when acting on au(a, φ) (see eq. (17) and
(18) ) and are also negligible with respect to ∂2aψ when acting on the solution found
for ψ(a). Therefore the choice of ordering is irrelevant for large a. Finally one may
rewrite (20) as:
∂2aψ(a) +m
2M2φ20 a
4ψ(a) = 0 (21)
or on changing to the variable y = a2 (again apart from a non-leading term for a
large),
∂2
∂y2
ψ(y) +
m2M2φ20
4
y ψ(y) = 0 . (22)
A general solution, in terms of the Airy functions Ai and Bi, for eq. (22) is:
ψ(y) = C1Ai(y) + C2Bi(y)→ y
− 1
4
[
D1 sin
mMφ0
3
y
3
2 +D2 cos
mMφ0
3
y
3
2
]
(23)
as y →∞, or:
ψ(a) ∼ a−
1
2
[
D1 sin
mMφ0
3
a3 +D2 cos
mMφ0
3
a3
]
(24)
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for a ≫ 1 where D1 and D2 are complex numbers. The oscillatory behavior is
encoded in ψ, even if at an approximate level (the solution is not exact). Let us note
that the Di (Ci) in (23) can be determined by the initial conditions. For example,
C1 = −i and C2 = 1 corresponds to the Vilenkin initial wave function of the universe,
while if C1 = 1 and C2 = 0 one has the Hartle-Hawking choice.
One may ask what would be the effect of a perturbation such as the addition of
a small contribution of n inflaton quanta. Because of the rapid oscillatory behavior
of the gravitational wave function and the fast increase of n¯ as a → ∞ such a
contribution will be quickly washed out. Thus our “coherent” state will remain
dominant during inflation. Nonetheless some correction are certainly expected. For
example in the classical limit (one has the classical Einstein equation) there are
nonleading non power-like corrections to the oscillatory phase which are expcted to
be of a logarithmic nature. We shall comment more on this in the following section.
3 The appearance of time in the description of
matter
Let us at this point discuss the dynamics of “normal” matter fields. The quanta
of these fields, associated with matter particles, are assumed to contribute as a
small perturbation in the total Hamiltonian where the inflaton (homogeneous mode
condensate) and gravity are dominant and whose classical expression was given in
(2). In order to study this quantum problem one has to enlarge the corresponding
Hilbert space of the physical states, in which the inflaton-gravity quantum state
is only negligibly affected by the presence of “normal” matter, and consider the
following extended quantum equation for the factorized wave function:[
1
2M2
∂2
∂a2
1
a
− 1
2a3
∂2
∂φ2
+ m
2a3
2
φ2 + Hˆµ
]
Ψχ ≡
≡ 〈a| ⊗ 〈φ| ⊗ 〈ϕ|
(
HˆG + HˆI + Hˆµ
)
|Ψ〉 ⊗ |χ〉 = 0 , (25)
where we have collectively denoted with ϕ all the matter fields (bosonic and fermionic)
and χ(ϕ, a) describes their quantum state in some representation.
The first term in eq. (25) HˆG acts on both Ψ(a, φ) and χ(ϕ, a), the last (Hˆµ)
only on χ and HˆI only on Ψ. On using eq. (3) for Ψ we can obtain an equation for
the “normal” matter wave function χ:
2 ∂a
(
Ψ
a
)
∂aχ+
Ψ
a
∂2aχ + 2M
2Ψ Hˆµ(ϕ, a)χ = 0 (26)
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where, for sake of compactness, Hˆµ(ϕ, a) ≡ 〈a|⊗〈ϕ|Hˆµ|a〉⊗ |ϕ〉. Further on defining
ψ˜(a, φ) ≡ ψ(a)u(a, φ) and bearing in mind (4) one has:
2
∂aψ˜
ψ˜
∂aχ+ 2aM
2 Hˆµ(ϕ, a)χ+ ∂
2
aχ = 0. (27)
Let us now examine the different terms in (27) while assuming the presence of a finite
number N of quanta of normal matter. It is convenient to consider a free matter
(bosonic or fermionic) field. Then it is clear that the eigenvalues of the Hamiltonian
will be independent of a as a → ∞. For example a state on N bosonic quanta of
momentum k leads to a contribution ∼ ωk
(
N + 1
2
)
where ω2k =
k2
a2
+ µ2 (apart from
a normal ordering subtraction). The last term is then proportional to:
(∑
L
〈N |
←−
∂ 2a|L〉〈L|
−→
∂ 2a|N〉
) 1
2
∝
N2
a2
(28)
and is negligible with respect to the second for large a.
The first term in (27) contains all the information related to the behavior of the
gravity-inflaton wave function which is highly oscillatory in a with a typical period
much less than a Planck time (length) (see below). Since any physical phenomena
of interest for matter are related to scales above (or at least not below) the Planck
time M−1, it is very natural to obtain an effective equation by means of a course
graining. In particular we shall implement it by averaging over an oscillation period
in a.
3.1 Approximate analysis
In order to compare the first two terms of (27) we consider the explicit expression of
the approximate solution for Ψ = a ψ˜ derived in the preceding section and write:
∂aψ˜
ψ˜
≡
∂aψ(a)
ψ(a)
+
∂au(a, φ)
u(a, φ)
. (29)
On recalling eq. (13) the second term behaves as ∂au(a,φ)
u(a,φ)
∼ 1
a
while the first term is
asymptotically given by
∂aψ(a)
ψ(a)
=
∂y
∂a
∂yψ(y)
ψ(y)
∼
mMφ0 a
3
2
ψ(a)
[
D1 cos
mMφ0
3
a3 −D2 sin
mMφ0
3
a3
]
. (30)
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The crucial point is now to estimate the ratio (30): ψ(a) and its derivative are
products of a highly oscillating function of a with some power of a. Let us consider
the a-dependent period of oscillation ∆a
∆a ∼
2π
mMφ0a2
. (31)
Since M is the Plank mass, m ∼ 10−6M ≪ M , φ0 ∼ M and a ≫ M
−1 (by many
orders of magnitude) during the inflationary phase for a large, one obtains the in-
equality
∆a≪ M−1. (32)
Thus one may estimate (30) by averaging over an interval [a, a+∆a] which is much
shorter than a Planck length:
Iav =
1
∆a
∫ a+∆a
a
dα (mMφ0 α
2)
[
D1 cos
mMφ0
3
α3 −D2 sin
mMφ0
3
α3
]
[
D1 sin
mMφ0
3
α3 +D2 cos
mMφ0
3
α3
] . (33)
The coarse-graining integral (33) is well defined for any complex D1 and D2, except
for a zero measure case where their ratio is real, since the denominator in the inte-
grand may vanish. To obtain a finite result one may then consider the principal value
of the integral. We shall see that, except for the latter case and depending on the
initial conditions discussed at the end of section 2, one is able to introduce a time
evolution. In particular one finds that Vilenkin type wave functions allow one to
introduce a time, while Hartle-Hawking ones do not. On defining a new integration
variable x = mMφ0
3
α3 one may write:
Iav =
mMφ0
2π
a2
∫ 2π
0
dx
[D1 cosx−D2 sin x]
[D1 sin x+D2 cosx]
, (34)
which can be evaluated in the complex plane by using Jordan’s Lemma and the
Residue Theorem. In fact on setting z = exp ix one has cosx = 1
2
(
z + 1
z
)
, sin x =
1
2i
(
z − 1
z
)
, dx = − i
z
dz and the integral (34) becomes:
Iav =
mMφ0
2πi
a2
∮
dz
z
iD1z
2 + iD1 −D2z
2 +D2
D1z2 −D1 + iD2z2 + iD2
(35)
The function in the integrand (let us denote it by F (z)) has three singularities,
at z0 = 0 and z1,2 = ±
√
D1−iD2
D1+iD2
≡ ±Aeiθ: z0 will always lie within the path of
integration (the circumference of radius 1 centred on the origin of the complex plane)
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while z1,2 generally will not. Only if D1 and D2 have a real ratio one has A = 1
and z1,2 are on the circumference. If one evaluates the residues of F (z) at z0,1,2 one
obtains:
ResF (z)|z=z0 = −i , ResF (z)|z=z1,2 = i (36)
To summarize, one can distinguish between 3 cases:
when 0 < A < 1:
Iav = mMφ0 a
2 (ResF (z)|z=z0 +ResF (z)|z=z1 +ResF (z)|z=z2) = imMφ0 a
2 (37)
when A > 1:
I = mMφ0 a
2 (ResF (z)|z=z0) = −imMφ0 a
2 (38)
when A = 1 the calculations are slightly different since one has to deform the path of
integration to avoid the two singularities and then let the deformation tend to zero.
For instance, the path could turn around z1,2 following: z1,2(γ) = z1,2 + ǫe
iγ with γ
going from θ − π
2
to θ − 3π
2
around z1 and from θ +
π
2
to θ − π
2
around z2:
I = mMφ0 a
2 (ResF (z)|z=z0)− lim
ǫ→0
[
mMφ0
2πi
a2
(∫
z1(γ)
dzF (z) +
∫
z2(γ)
dzF (z)
)]
=
= −imMφ0 a
2 −
[
mMφ0
2πi
a2 (π + π)
]
= 0. (39)
Thus,unless A = 1, coarse-graining of the ratio (30) leads to a non zero result, in
which case the dominant contribution in (29) comes from the first term and one has:
∂aψ˜
ψ˜
∼ ±imMφ0 a
2. (40)
We must further estimate ∂aχ, again for N quanta, obtaining for its magnitude:
[
〈N |
←−
∂ a
−→
∂ a|N〉
] 1
2
≡
[∑
L
〈N |
←−
∂ a|L〉〈L|
−→
∂ a|N〉
]1/2
∝
N
a
. (41)
As for the last term, we have shown it to be highly suppressed.
On just retaining the two leading terms in eq.(27) one obtains
±i
mφ0
M
a ∂aχ = Hˆµ(ϕ, a)χ . (42)
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Therefore we are left with a parabolic PDE which describes the evolution of “normal”
matter with respected to a. On just defining a time t according to ±imφ0/M∂logaχ ≡
i ∂tχ one obtains a Schro¨dinger equation describing the quantum mechanical evolu-
tion of matter, or a Schwinger-Tomonaga equation
i ∂tχ = Hˆµ(ϕ, a)χ . (43)
Let us note that this is equivalent to interpreting the coefficient of i ∂aχ on the
l.h.s. of (42) as a˙, the rate of expansion seen by the “normal” matter (observers +
clocks). In particular the approximate analysis employed here shows a DeSitter type
expansion. In general an observer made of “normal” matter, using clocks made of
normal matter, can only measure any change of state with respect to the evolution of
the t introduced above as the parameter of the Schro¨dinger equation (42). In other
words it is the presence of normal matter which leads naturally to the introduction
of a time. The sign in eq. (42) depends on the initial conditions which characterize
the solution ψ(a). With generic conditions, one of the two cases is realized and this,
in our approach, is related to the definition of the flow of time.
3.2 Beyond the approximation
The result we have obtained is reasonable, especially considering the approximations
made during the inflationary phase. A different scale dependent evolution seen by
matter, such as the one obtained in the classical limit of the chaotic inflation model,
could be easily recovered by a very mild correction (logarithmic) to the coefficient
of i ∂aχ, which allowes for the difference between a constant and an approximate
linearly decreasing (in time) Hubble parameter.
For the general case, with a strongly peaked inflaton wave function, independently
of any particular approximation, the oscillatory wave function in the large a region
can be written as ψ˜(a) = ρ(a) exp iβ(a), where ρ is an oscillating real function. For
most initial conditions, as in the approximate solution, such a function never vanishes
except possibly at an extreme of the oscillation. Only a zero measure set of initial
conditions will not satisfy this property leading to the same consequences as already
discussed in the previous subsection. After the course-graining integration one can
therefore make the correspondence:
1
aM2
∂aψ˜
ψ˜
∂a =
1
aM2
(
ρ′(a)
ρ(a)
+ iβ ′(a)
)
∂a ≈
i
aM2
β ′(a)∂a → i ∂t (44)
where a prime denotes differentiation with respect to a, since after course-graining the
term ρ′(a)/(a ρ(a))∂a is always negligible and the gradient of the phase is unaffected.
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From this formula one can recover the previous approximate result. Indeed, for
example, for the case of the Vilenkin type wave function one has β(a) = mMφ0 a
3/3.
Again time is defined in terms of the inverse of the gradient of the phase of the ψ
wave function with respect to the scale factor, and in particular dt ≡ (aM2/β ′(a)) da.
Until now we have worked with the amplitude and not the probability density,
however for large a a probability density analysis leads to the same result. One may
easily convince oneself of this on examining the probability current, which satisfies
the relation
Ja ∝ ψ˜
∗∂aψ˜ − ψ˜∂aψ˜
∗ ≈ 2iρ2∂aβ ∝ ∂aψ˜. (45)
since, in the limit we consider and on repeating the previous steps, the terms leading
to differences are negligible. This means that the density flux is proportional to
the gradient of the phase and the fundamental condition for time to arise, in our
framework, is then a non negligible coarse-grained probability current.
The presence of an effective time evolution for matter arises from a mechanism
similar to one already observed in the analysis of the classical limit of quantum
systems, such as the hydrogen atom [15], in the sense that the quantum probability
as a function of a is similar to the measure of temporal density in a classical orbit.
This fact has been studied for the stationary quantum eigenstates of the hydrogen
atom (with two particular fixed values of the angular momenta and large principal
quantum number n) one of which presents a radial highly oscillatory behavior. On
course graining (in particular on applying the Riemann-Lebesgue Lemma) one is
able to recover the classical trajectory related to the given angular momenta. Indeed
the classical trajectory is related to a classical spatial probability distribution of a
particle in terms of the inverse of its speed (the fraction of time spent in a spatial
interval is a measure of the probability density). There is a deep connection between
the above example and the situation present in the matter-gravity system.
As a side remark we note that for the particular case wherein one performs a
WKB analysis in order to obtain the classical limit of equation (3) (since this leads
to the Hamilton-Jacobi equation), ψ˜ is characterized by ρ ∼ (β ′)−1/2 (with β the
classical action) which does not oscillate and the usual relation a˙ ∼ πa/a ∼ β
′(a)/a
is found. In any case we stress that the relation in (44) is quite general, a much
wider class of states for the inflaton-minisuperspace system can lead to an effective
time evolution of “normal” matter.
It is worth noting that we always obtain in the course-grained differential equation
for “normal” matter, which constitutes a perturbation in the whole Hamiltonian
system, a factorized term of the form f(a)∂aχ. In such a term f(a) is related to
the variation of the universe wave function (minisuperspace+inflaton) regarded as a
system separate from “normal” matter. It therefore leads to a universal time for all
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the “normal” matter since it is a common factor for all types of ”normal” matter.
One has an analogy with the introduction of a temperature in statistical mechanics
if one thinks of the minisuperspace-inflaton system in dynamical equilibrium as a
sort of “heat” bath and normal matter (a perturbation) in “thermal” equilibrium
with the “bath” (reservoir), in the sense that is acquires from the “bath” a time (in
analogy with temperature in statistical mechanics).
A short comment also on a possible highly quantum mechanical situation wherein
the initial condition leads to a coherent superposition of states described by a wave
function of the inflaton φ consisting of well separated, almost gaussian, peaks. A sim-
ilar definition of time can be extracted on repeating the analysis performed above
using a probability density and its flux, constructing a density matrix and subse-
quently tracing over the possible inflaton states. Indeed the different superimposed
states are almost orthogonal and one is finally left with an average gradient of the
phase which plays an analogous role to the single peak case in the construction
of an effective Schro¨dinger equation for matter. The application of course-graining
techniques in the context of quantum cosmology has also been considered by other
authors [8, 9], for example in the study of the wave function of a minisuperspace
model by using the Wigner function approach, where diverse kind of coarse-graining
are discussed in the search for the emergence of a classical behavior for gravity.
In our quantum mechanical framework it is tempting to say that time “exists”
only as far as “normal” matter or inhomogeneous modes for the inflaton or metric
fluctuations are concerned. The homogeneous minisuperspace gravity and inflaton
condensate system may still be in a quantum state, which is practically unobservable
in the sense specified above for the other physical degrees of freedom (“normal”
matter and inhomogeneous modes of inflaton and gravity). Indeed any observer,
made of “normal” matter will only see a classical time dependent scale factor of the
universe. Lastly let us emphasize that the presence of inflatonic matter driving the
universe is crucial: in a chaotic inflation model for which φ0 = 0 [13] one would not
obtain suitable conditions for time to evolve.
4 Conclusions
As we mentioned in the introduction the problem of the emergence of time in the con-
text of the matter-gravity system has already drawn considerable attention. Nonethe-
less we feel that the issue is worth revisiting in a cosmological minisuperspace con-
text, in particular within the inflationary paradigm [10, 11, 12, 14]. Inflation gives a
framework in which to pose basic cosmological questions.
Associated with inflation is the early universe dominance of a vacuum energy
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density effectively described by a hypothetical scalar field called inflaton. In partic-
ular we have considered a simple model of chaotic inflation consisting of a minimally
coupled massive scalar field in a flat 3-space with inflation being driven by the homo-
geneous mode. We then start from the quantum minisuperspace-homogeneous scalar
field system. Such a quantum system has been previously studied within a Born-
Oppenheimer approach and shown to lead to inflation even for non classical initial
states [13]. Our present approach and goal are quite different: we study this system,
in an inflationary regime, in order to understand its influence on the dynamics of
other degrees of freedom which we call “normal” matter.
The quantum minisuperspace homogeneous-inflaton system cannot be solved ex-
actly, however some of its properties can be obtained through the use of a suitable
ansatz for the initial state which allowes us to find an approximate solution for a
large. The results we obtain are not a consequence of our approximation, which
certainly aids us in suggesting and understanding the basic mechanisms, but reflect
a general structure for the effective dynamics of “normal” matter.
Our approximate approach consists in expanding the total matter-gravity wave
function on a basis of the states associated with different numbers of homogeneous
inflaton quanta. Subsequently, a common minisuperspace wave function is extracted
from the expansion and the modulus squared of the coefficients multiplying the states
with different number of inflaton quanta is then interpreted as the probability for the
creation of such a state in the initial interval leading to inflation, bearing in mind,
of course, that such a number is large in order for suitable inflation to take place.
The search for a suitable ansatz for the initial state may be related to a creation
process for a large number of quanta. Such a mechanism can be considered as analo-
gous to the inverse of a decay process, that is a Poisson process, without concerning
oneself as what it is (the equivalent of the decay products)that leads to the creation.
The initial conditions are then associated with a Poisson distribution of states with
diverse numbers n of inflaton quanta and with average number of quanta n¯. This
can be seen either as an initial statistical distribution in which each n quantum cre-
ation is associated with an inflationary gravitational wave function or a sequence
of inflationary processes in successive intervals of a which are however so close that
a is approximately constant. In all cases a common part of the gravitational wave
function is extracted leaving the different quanta numbers states with their Poisson
weights which then combine into a coherent state.
The quantity which is then studied is the common gravitational wave function. It
is found to satisfy the same Airy equation for a large, independently of any ordering
chosen for the gravitational kinetic term, leading to a strong oscillatory behavior
having a frequency many orders of magnitude greater than the Planck one. The
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oscillatory behavior of the complete wave function is the main feature we use and
we stress that is not related to the approximation made but just to initial conditions
such as those leading to inflation.
One may at this point introduce normal matter which should be regarded as
a small perturbation with respect to the contribution of the homogeneous inflaton
mode. Again in this context a is considered large and an effective “flow”, due to the
nature of the gravity-inflaton wave function, can be associated to the existence of
time for normal matter. In order to obtain this, a “coarse graining” was performed
so as to smooth out the effects of the gravitational wave function oscillations at
ultra-Planckian frequencies (for the atomic case see [15]), to which normal matter is
insensitive. It is also worth noting that the common gravitational wave function term
leads to the introduction of a “time density” (the magnitude of the gravitational wave
function in an interval of a being related to the “time” spent in that interval) which
is universal, i.e. independent of the type of normal matter associated with it. The
paradigm of time developed here arises from a novel point of view, but nonetheless
leads to the usual time that one considers in the WKB limit of the gravity-inflaton
system.
Moreover we observe that a new interesting possibility is the emergence of a time
even with gravity and the inflaton in quantum regimes: it is a consequence of the
fact that normal matter cannot see quantum fluctuations below the Planck size but
just experiences an evolution with respect to a function of the scale factor, associated
with the speed of inflation. In such a framework time only exists for normal matter
which evolves according to its position on the gravitational wave function.
In a sense, and particularly on considering the approximate analysis, this emer-
gence of a universal time reminds us of the derivation of a Boltzmann distribution
and a temperature for systems obtained by placing them in contact with a large
heat bath where it is the density of energy levels of the heat bath that is related
to the (common) temperature of systems in contact with it, different energy level
densities for the reservoir being associated with different temperatures. Analogously,
for us, normal matter is in contact with a gravitational wave function generated by
the homogeneous mode inflaton background (reservoir-“time bath”) and it is that
wave function with suitable initial conditions that generates a “time density” and
“flow” which leads to the usual evolution of matter corresponding to the value of the
matter wave function for different values of a in the gravitational wave function.
Lastly let us note that we have studied the introduction of time during the infla-
tionary era with gravitation being driven by the homogeneous inflaton Hamiltonian.
Clearly one may ask what happens at the end of inflation when presumably all (or
most or some) of the homogeneous modes have decayed into lighter matter. In such
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a case gravitation will just be driven by the mean energy of all matter (including
a residual cosmological constant) and the resulting gravitational wave function will
introduce a common time for any small sub-system which may be regarded as a
perturbation of the whole.
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